Abstract. In this paper we prove that for a complete manifold without conjugate points with sectional curvatures bounded below by −c 2 and whose geodesic flow is of Anosov type, then the constant of contraction of the flow is ≥ e −c . Moreover, if M has finite volume the equality is hold if and only if the sectional curvature is constant. We also show some results similar to Oseledet's theorem for Anosov geodesic flows on a complete surface with finite volume.
Introduction and main of results
Let M be a complete Riemannian manifold and SM the unitary tangent bundle. Let φ t : SM → SM be the geodesic flow, and suppose that φ t is Anosov. This means that SM have a splitting SM = E s ⊕ G ⊕ E u such that
for all t ≥ 0 with C > 0 and 0 < λ < 1, where the constant λ is called the constant of contraction of the flow and G is the geodesic vector field. In this paper, we prove The first part of the Theorem implies that for Anosov geodesic flows, the dynamics are controlled to some extent by the curvature. The second part is more general: it says that rigidity in the dynamical sense provides rigidity in the geometry sense. In particular, our result does not require that the manifold be compact.
The Anosov property of the geodesic flow imposes restrictions on the possible geometries of the manifold. By example compact manifold of positive sectional curvature does not admit Anosov geodesic flow [7] . However, it is known that the geodesic flow of compact Riemannian manifold with negative curvature (see [1] ) or non-compact manifold with pinched negative curvature is Anosov (see [8] ).
In [4] , Eberlein determined geometric conditions that are equivalent to the Anosov property of the geodesic flow for the case where M is complete, has no conjugate points, and is compactly homogeneous in the sense that the isometry group of its universal cover acts co-compactly. More specifically, the Eberlein's conditions are about the divergence of Jacobi fields or over all geodesics passing through points of negative sectional curvature.
In [2] , Bolton observed that the condition of compact homogeneity of Eberlein [4] is superfluous.
The Anosov property of the geodesic flow is related to geometric properties of the manifold. In fact, in [7] Kligenberg, proved that a compact Riemannian manifold with geodesic flow of the Anosov type has no conjugate points. This result was generalized by Mañé in [9] where he proved a remarkable result: if M is a complete Riemannian manifold of finite volume whose geodesic flow preserves a continuous Lagrangian subbundle then M has no conjugate points. In particular, since in the case of Anosov geodesic flow the subbundles E s and E u are Lagrangian and invariant (see [9] ), then the manifold has no conjugate points.
This two last results show that it is possible to find geometric properties when we have some dynamical property. In this direction, the Theorem 1.1 give us that dynamical rigidity implies geometric rigidity.
It is worth noting that the first part of Theorem 1.1 actually follows from part of Mañe proof of the Corollary of Theorem A. Indeed, it may be found in [9] . However, the Mañe's proof provides no information concerning to rigidity.
In the proof of first part of Theorem 1.1, the hypothesis of finite volume is required only to ensure the non-existence of conjugate points (see [9] ). Therefore, as a Corollary, we also obtain Corollary 1.2. Let M be a complete manifold without conjugate points with curvature bounded below by −c 2 . If the geodesic flow of M is Anosov with constant of contraction λ then λ ≥ e −c .
We say that a geodesic γ θ (t) has asymptotic non-negative sectional curvature, if there is t 0 > 0 (or t 1 < 0) such that for all V (t) perpendicular vector field along γ θ the sectional curvature K(V (t), γ ′ (t)) is non-negative for all t ≥ t 0 (or t ≤ t 1 ). An immediate consequence is: Corollary 1.3. If M has a geodesic without conjugate points and asymptotic nonnegative sectional curvature, then the geodesic flow cannot be Anosov.
In [3] , Butler studied a rigidity results about Lyapunov exponents for geodesic flows on a compact negatively curved manifold. He proved that if each periodic orbit of the geodesic flow has exactly the same Lyapunov exponent over the unstable bundle, then the manifold has constant sectional curvature. Since the geodesic flow on compact manifold of negative curvature is of the Anosov type, then by Butler's result we can think in the following Conjecture 1: Let M be a complete Riemannian manifold with finite volume, and Anosov geodesic flow. If the unstable Lyapunov exponents are constants over all periodic orbits, then M has constant negative sectional curvature.
The proof of theorem 1.1, will show that the Conjecture 1 is a consequence (at least for some control of the sectional curvature) of:
Conjecture 2: Let M be a complete Riemannian manifold with finite volume, sectional curvature bounded below by −c 2 , and Anosov geodesic flow. If the unstable Lyapunov exponents are constants over all periodic orbits, says equal to a, then a = c.
The proof of Theorem 1.1 will be carried out in three steps. In the first phase, we prove the inequality between contraction and exponential (assuming only that has no conjugate points), the second phase is to proof of the second part of the theorem for dimension two, and after that we will use a similar argument for proof of the second part of theorem in higher dimension.
In this paper we also prove some similar results to Oseledet's theorem for Anosov geodesic flows on a complete surface with finite volume.
Notation and Preliminaries
Throughout rest of this paper, M = (M, g) will denote a complete Riemannian manifold without boundary of dimension n ≥ 2, T M its the tangent bundle, SM its unit tangent bundle, π : T M → M will denote the canonical projections, and m the Liouville measure of SM (see [11] ).
2.1. Geodesic flow. For θ = (p, v) a point of SM . Let γ θ (t) denote the unique geodesic with initial conditions γ θ (0) = p and γ ′ θ (0) = v. For a given t ∈ R, let φ t : SM → SM be the diffeomorphism given by φ t (θ) = (γ θ (t), γ ′ θ (t)). Recall that this family is a flow (called the geodesic flow ) in the sense that φ t+s = φ t • φ s for all t, s ∈ R. Let V := ker Dπ denote the vertical sub-bundle of T SM (tangent bundle of SM ). Let α : T T M → T M the Levi-Civita connection map of M . Let H := kerα be horizontal sub-bundle. Recall α is defined as follow: Let ξ ∈ T θ T M and z : (−ǫ, ǫ) → T M be a curve adapted to ξ, i.e., z(0) = θ and z ′ (0) = ξ, where z(t) = (α(t), Z(t)), then
Observe that for all θ = (p, v), Dπ defines a linear isomorphism from H(θ) to T p M and α defines a linear isomorphism from
. This decomposition provides the Sasaki metric of T M is defined by
From now on, we consider the Sasaki metric restricted to the unit tangent bundle SM . It is easy to proof that the geodesic flow preserves the volume measure generate by this Riemannian metric in SM . However, this volume measure in SM coincides with the Liouville measure m up to a constant. When M has finite volume the Liouville measure is finite (see [11] ). Consider the one-form β in T M defined for θ = (p, v) by
Observe that ker β θ ⊃ V (θ). It is possible prove that a vector ξ ∈ T θ T M lies in T θ SM with θ = (p, v) if and only if α θ (ξ), v = 0. Furthermore, when restricted to SM the one-form β becomes a contact form invariant by the geodesic flow whose Reeb vector field is the geodesic vector field G. However, the sub-bundle S = ker β is the orthogonal complement of the spanned G. Since β is invariant by the geodesic flow, then the sub-bundle S is invariant by φ t , i.e., φ t (S(θ)) = S(φ t (θ)) for all θ ∈ SM and for all t ∈ R. For understand the behavior of dφ t let's to introduce the definition of Jacobi field. A vector field J along of a geodesic γ θ is called the Jacobi field if it satisfies the equation
where R is the Riemann curvature tensor of M and "
′ " denote the covariant derivative along γ θ . Note that, for ξ = (w 1 , w 2 ) ∈ T θ SM , (the horizontal and vertical decomposition) with w 1 , w 2 ∈ T p M and v, w 2 = 0, it is known that dφ
, where J ξ denotes the unique Jacobi vector field along γ θ such that J ξ (0) = w 1 and J ′ ξ (0) = w 2 . For more details see [11] .
No conjugate points.
In this subsection we assume that M has no conjugate points and its sectional curvatures are bounded below by −c 2 . Assume that the geodesic flow φ t : SM → SM is Anosov. In [2] , Bolton showed that if J is a perpendicular Jacobi vector field along γ θ such that J(0) = 0 then there exists A > 0 and
Moreover, by the previous identification the horizontal space can be write as H(θ) = {0} × N (θ) and the vertical as V (θ) = N (θ) × {0}. Thus, if E ⊂ S(θ) is a sub-space, dim E = n − 1, and
Hence, there exists a unique linear map T : H(θ) ∩ S(θ) → V (θ) ∩ S(θ) such that E is the graph of T . In other words, there exists a unique linear map T :
Furthermore, the linear map T is symmetric if and only if E is Lagrangian (see [11] ).
It is known that for Anosov geodesic flow the sub-bundle E s (θ) and E u (θ) are Lagrangian for each θ. Therefore, for each t we can write dφ
) are symmetric maps. Furthermore, theses families of maps satisfies the Ricatti equation (see [6] )
where
). In [6] , Green showed that symmetric solutions of the Ricatti equation which are defined for all t ∈ R are bounded by c. Therefore sup t U s (t) ≤ c, and sup
Lyapunov Exponents
This section focuses on dimension two. We will prove that for Anosov geodesic flow in surface (not necessarily compact) with sectional curvatures bounded below, there are always Lyapunov exponents. However, we will show some similar results to Oseledet's theorem for Anosov geodesic flows in non-compact case (see. [10] ), but we not need any conditions about integrability of the derivative of the flow. 
Proof. For each
Proceeding in the same way we construct the continuous function L u : SM → R.
Fix a geodesic γ θ and a parallel vector field V (t) along of γ θ with ||V (t)|| = 1 and
where J s and J u are Jacobi vector fields (associated to ξ and η, respectively).
Since M has finite volume, it follows that L s and L u are integrable functions. By Birkhoff's ergodic theorem (see [?] ) for m-almost θ ∈ SM there are:
On the other hand, by definition of Lyapunov exponents
Since |h ′ (t)/h(t)| = ||U s (t)|| ≤ c for all t, the last equality implies that lim
. Analogously, we get that lim
this concludes the proof.
In the next results we will prove some properties related to the Lyapunov exponents.
Proposition 3.2. In the same conditions of Theorem 3.1. We have that for
Proof. Under the notation of the previous theorem, we can stated that
Since J s and J u are Jacobi vector fields, the functions h and g satisfy the equations h ′′ (t) + K(t)h(t) = 0 and g ′′ (t) + K(t)g(t) = 0, where K(t) denotes the Gaussian curvature of M in the point
From this equality it follows that
.
This is a contradiction because
From Poincaré recurrence theorem (see [12] ), we can suppose that there exits a sequence t n → +∞ such that φ tn (θ) ∈ K, where K is a compact set in SM . On the other hand, 
Proof. Under the notation of the previous results for m-almost θ ∈ SM we have
2 by (3.1).
From the previous proposition, we get
Proof of Theorem 1.1
In this section let's divided the Theorem 1.1 into some Lemmas and joining these Lemmas we obtain the Theorem 1.1. However, manifold of finite volume, Anosov geodesic flow has no conjugate points (see. [9] ). Therefore, we can assume this condition. The following Lemma prove the first part of Theorem 1.1 and the Corollary 1.2. Proof. Fix a geodesic γ θ , ξ ∈ E s (θ) \ {0} and η ∈ E u (θ) \ {0}. We can write dφ
) for all t ∈ R, where J s and J u are Jacobi vector fields. From subsection 2.2 it follows that J s (t) = 0 and J u (t) = 0 for all t ∈ R. Consider the real function r : R → (0, ∞) defined by
From Anosov geodesic flow definition we stated that ||J s (t)|| ≤ ||dφ t (θ)(ξ)|| ≤ Cλ t ||ξ|| and
Hence,
For each t ∈ R there exists symmetric maps U s (t) : N (φ t (θ)) → N (φ t (θ)) and U u (t) :
In other words, the function r(t) is bounded.
On the other hand,
Suppose that λ < e −c . Hence, −2 log λ > 2c and there exists δ > 0 such that −2(log λ−c) > δ > 0. This implies that r ′ (t) ≥ δ · r(t) thus log r(t) − log r(0) ≥ δ · t. In particular, the function r is unbounded but this is a contradiction with the inequality (4.1). This concludes the proof.
Proof of Corollary 1.3. Let γ be a geodesic without conjugate points and asymptotic non-negative curvature. Then, we can assume that there is t 0 > 0, such that K(γ ′ (t), V (t)) ≥ 0 for all t ≥ t 0 and all orthogonal vector field V (t) to γ. Let c > 0 be, then hold that K(t) ≥ 0 > −c 2 , where K(t) is the infimum of the sectional curvatures along γ θ (t) for all t ≥ t 0 . Suppose that the geodesic flow is an Anosov flow with constant of contraction λ, then By [4, Lemma 2.8] we have that the unstable solution U u (t) and stable solution U s (t) of the Ricatti equation (see section 2.2) satisfies that U u (t) ≤ c coth(ct − ct 0 ) and U s (t) ≤ c coth(ct − ct 0 ) for t > t 0 . Hence, U u (t) ≤ 1/t − t 0 and U s (t) ≤ 1/t − t 0 for all t > t 0 . Following the argument made in the proof of Lemma 4.1, we can conclude that λ ≥ e −c for all c > 0. In other word, making c go to 0, the above inequality provides us that λ ≥ 1 and this a contradiction with the Anosov definition.
In the next Lemma we will prove a rigidity result related to the Theorem 1.1 when M is a surface. 
≤ 2c it follows that r ′ (t) ≥ 0 thus r(t) ≥ r(0) for all t ≥ 0. Integrating the above equation we get log r(t) − log r(0) = 2c · t + log h(t) − log h(0) + log g(0) − log g(t).
By (4.1) there is B > 0 with 0 < r(0) ≤ r(t) ≤ B for t ≥ 0. Thus
and by continuity of L s we get L s = −c.
For concluded the proof note that for θ = (p, v) ∈ SM , from the notation of Theorem 3.1, we have that h
Remark 4.3. The proof of Lemma 4.2 showed, in particular, that
where J u (t) is the unstable Jacobi vector field associated to ξ and the equality is hold for m-almost θ ∈ SM and all ξ ∈ E u (θ).
The following Lemma together the Remark 4.3 gives us another proof for the Lemma 4.2 if the Lyapunov exponent there exist for all periodic geodesic and has the same value c.
In particular, the Gaussian curvature K(γ θ (t)) is constant equal to −c 2 .
Proof. Put g(t) = J u (t) , where J u (t) is the unstable Jacobi vector field associated to ξ. As γ θ is a closed geodesic with period τ , then the vector (J u (τ ), J ′ u (τ )) is a multiple of (J u (0), J ′ u (0)) thus J u (τ ) = αJ u (0), where |α| = g(τ )/g(0). On the other hand,
is periodic of period τ and satisfies the Ricatti equation
However, the Cauchy-Schwarz inequality implies that
And this finish the proof of first part of Lemma. Note that K(γ θ (t)) ≥ −c 2 and
, therefore by continuity of curvature function, we have that K(γ θ (t)) = −c 2 for all t. SM hold that lim
Proof. Since M has finite volume, then the set of closed geodesic is dense in SM , thus the proof follows of continuity of the curvature and Lemma 4.4.
The most important of proof of above Lemma is that it's possible make a similar arguments for higher dimension.
4.1. Higher Dimension. Let M be a complete riemannian manifold of dimension n ≥ 2, sectional curvature bounded below by −c 2 without conjugate points. We first describe a useful method of L. Green [6] to understand the solutions of Ricatti equation. Let γ θ be a geodesic, and consider V 1 , . . . , V n a system of parallel orthonormal vector fields along γ θ with V n (t) = γ ′ θ (t). If Z(t) is a perpendicular vector field along γ θ (t), we can write
Note that the covariant derivative Z ′ (s) is identified with the curve α ′ (s) = (y ′ 1 (s), ..., y ′ n−1 (s)). Conversely, any curve in R n−1 can be identified with a perpendicular vector field on γ θ (t). Now for each t ∈ R, consider the symmetric matrix R(t) = (R i,j (t)), where
) and R is the curvature tensor of M . Consider the (n − 1) × (n − 1) matrix Jacobi equation
If Y (t) is solution of (4.6) then for each x ∈ R n−1 , the curve β(t) = Y (t)x corresponds to a Jacobi perpendicular vector on γ θ (t). For θ ∈ SM , s ∈ R, we consider Y θ,s (t) be the unique solution of (4.6) satisfying Y θ,s (0) = I and Y θ,s (s) = 0. In [6] , Green proves that lim s→−∞ Y θ,s (t) exists for all θ ∈ SM (see also [4, Sect. 2] ). He also shows that if we define:
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we obtain a solution of Jacobi equation (4.6) such that det Y + θ (t) = 0. Moreover, it is proved in [6] (see also [5] and [4] ) that DY
It is easy to proof that (see [5] )
for every t ∈ R. It follows that U + is a symmetric solution of the Ricatti equation
If the curvature of M is bounded below by −c 2 from Lemma 2 of [6] we get that U + is bounded by the constant c. 
Proof. For each θ = (p, v) ∈ SM , we can denoted by N (θ) the subspace of T p M orthogonal to v. Then by construction for all x ∈ N (θ) the Jacobi field Y + θ (t)x is a unstable Jacobi field, thus follows that U + (θ) satisfies that
In other words,
Thus, by the equation (4.9)
Remember the following classic formula of Linear Algebra (4.11) 1
Where A is a linear map over the same vector space of dimension m.
As dim E u (θ) = n−1, using the equation (4.11) and the inequalities ||π θ || ≤ 1, 1 ≤ ||π
Therefore, the equations (4.10) and (4.12) provides us (4.13) lim
Since det Y The following Lemma shows the rigidity of Lyapunov exponent. The proof also is hold in dimension two. for all θ ∈ SM , ξ ∈ E s (θ) and η ∈ E u (θ).
Therefore the equation (4.16) gives us that r ′ (t) ≥ 0, so that, as r(t) is a bounded function (see equation (4.1)), it should be that lim t→+∞ r(t) there exist. Integrating the equation (4.16) hold that log r(t) − log r(0) = 2ct + log ||J s (t)|| − log ||J s (0)|| − log ||J u (t)|| + log ||J u (0)|| Thus, log ||J s (t)|| ≤ log C + t log λ + log ||ξ|| and (4.19) log ||J u (t)|| 1 + ||J ′ u (t)|| 2 ||J u (t)|| 2 = log ||dφ t (ξ)|| ≥ log C − t log λ + log ||η||, for all t ≥ 0. Claim: There is not a sequence t n → +∞ such that lim n→+∞ 1 t n log ||J s (t n )|| = −∞.
In fact, since ||J ′ u (t)|| ||Ju(t)|| ≤ c, then the equation (4.19) implies that 1 t log ||J u (t)|| ≥ 1 t log C + log ||η|| − log 1 + c 2 − log λ.
Suppose that lim n→+∞ 1 t n log ||J s (t n )|| = −∞.
Therefore, lim n→+∞ 1 t n (log ||J u (t n )|| − log ||J s (t n )||) = +∞, which is a contradiction with (4.17) and this concluded the proof of Claim. The above Claim implies that for all t ≥ 0 the function t −→ 1 t log ||J s (t)|| is bounded and then, by equation (4.17) the function t −→ 1 t log ||J u (t)|| is also bounded.
Taking a sequence t n such that lim n→+∞ 1 t n log ||J s (t n )|| = a s , then passing to a sub-sequence, if necessary, we can assume that lim On the other hand, the equations (4.18) and (4.19) implies that (4.21) a u ≥ − log λ = c and a s ≤ log λ = −c.
By this two last equations, we concluded that a u = c and a s = −c.
